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A characterization of those Cartesian products is obtained on which every continuous mapping 
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1. Introduction 
Using the fact that “‘1~ is not normal [24], Noble has shown in [15] that, more 
generally, “X is not normal for all non-compact Hausdorff spaces X, provided that 
K > max{w,, w(X)}, where w(X) denotes the weight of X. Short proofs of Noble’s 
theorem can be found in [9,13,19], an application, e.g. in [ll]. 
For orthocompactness the situation is quite similar: In [22] it is shown that wlw 
is not orthocompact, and this observation is then used to prove that, more generally, 
“X is not orthocompact whenever X is a non-compact Hausdorff space and K > 
max{w,, w(X)} (see [S, Theorem 13.71 for an even stronger result). Moreover, in 
[ 181 it is proved that Wlw is not fI-refinable (= submetacompact), and again it follows 
from [7, Theorem 4 and Remark], [23, Corollary 3.81 and [25, Corollary 2.41 that, 
more generally, “X is not O-refinable provided that X is a non-compact Hausdorff 
space and K 3 max{w, , w(X)}. 
Since in [18] it is also shown that wlw is not subnormal’, the natural question 
arises whether “X can be subnormal for a non-compact Hausdorff space X and an 
’ A topological space is called subnormal [5, 141 (respectively D-normal [2]), if every pair of disjoint 
closed subsets can be separated by G,-sets (respectively closed G,-sets). 
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uncountable K 2 w(X). Adapting Keesling’s proof of Noble’s theorem [13] and 
using recent results on the separation of closed sets by continuous mappings into 
developable spaces [3] we give the following partial answer to this question: 
Theorem 1. IfX is a non-compact Huusdorflspace and K 2 max{w,, w(X)}, then “X 
is not D-normal. 
Whether D-normality can be replaced by subnormality in Theorem 1 remains an 
open problem (see Section 4). Note, however, that the conclusion is considerably 
stronger than in Noble’s theorem. 
Theorem 1 is verified in Section 3. Its proof led us to the problem to find an 
internal characterization of those product spaces on which every continuous mapping 
into a developable T,-space2 depends on countably many coordinates. In [ 161 Noble 
and Ulmer have shown that every continuous mapping from a product of completely 
regular T,-spaces3into the reals, or, equivalently, into any topological space with 
G,-diagonal, depends on countably many coordinates if and only if the product 
is pseudo-w,-compact (see also [21]). Their results suggests the problem to find a 
similar characterization of product spaces on which every continuous mapping into 
a topological space with G,-diagonal depends on countably many coordinates 
(which is explicitly mentioned in [21]). Our main theorem, which is proved in 
Section 2, characterizes those product spaces, on which every continuous mapping 
into a subdevelopable space4 depends on countably many coordinates. Since sub- 
developable spaces form a rather extensive subclass of the class of spaces with 
G,-diagonal, it may be viewed as a contribution to this problem. 
Throughout this note no separation axioms are assumed unless explicitly stated. 
2. Main theorem 
A continuous mapping f from a Cartesian product HIis, Xi of topological spaces 
into a topological space Y is said to depend on a subset J of 1, if f(x) =f(y) 
whenever x, y E niel X, and p,(x) = pJ(y), where p, denotes the natural projection 
from niEl Xi onto Hi,, X,. If f depends on a countable subset of J of 1, then it is 
said to depend on countably many coordinates. Similarly, a subset A of niEl X, is 
said to depend on countably many coordinates, if there exists a countable subset 
J of I such that p;‘[ p,[A]] = A. Since pseudo-w,-compactness of an uncountable 
product n,,, Xi of completely regular T,-spaces is equivalent to the fact that every 
zero-set in nitl Xi depends on countably many coordinates, we will consider the 
* A topological space X is called developable [I], if it has a development, i.e. a sequence (q,),,, of 
open covers such that for each point x E X the collection {St(x, ?&) 1 n co} is a neighborhood base of 
x, where St(x, oU,)= U{UE %,,IxE U}. 
' Throughout this note we assume that all products are products of non-trivial spaces, i.e. spaces 
having at least two points. 
4 We call a topological space (X, T) subdevelopable, if it has a topology T’C 7 such that (X, 7’) is a 
developable T, -space. 
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analogue, for developable spaces, of zero-sets. A subset B of a topological space 
X is called D-closed, if there exists a collection 22 of closed subsets of X such that 
BE 93, and for every A E 93 there exists a sequence (A,),,, in 92 such that X\A = 
lJ{AIII n < w}. The proofs of our main results are based on the following fact: 
Fact. There exists a second countable developable T,-space (denoted D,) which has 
the following properties:’ 
(D) [I3r, contains a point b such that a subset B of a topological space X is D-closed 
ifand only ifthere exists a continuous mappingffrom X into D, such that B = f ‘[{b}]. 
(S) A topological space X is D-normal if and only iffor every pair C, D of disjoint 
closed subsets of X and for every pair c, d of distinct points in D, there exists a 
continuous mapping f from X into D, such that f(x) = c whenever x E C and f(x) = d 
whenever x E D. 
(C) D, has cardinality 2”. 
For the sake of completeness we include a brief description of ID,. That the space 
has the desired properties can be shown as in [3]‘. 
Let (0) be the unique mapping from 1 E w onto 0~ w and consider 
S = 1(O)] u Utk(w\{Ol) 1O< k < ~1. 
Elements of S will be denoted by (n,, . , nk_,). For each 
(no,. . . , nk-,I E S let P(” ,,,.._, +): SW + w 
be the projection, i.e. p(,, o,___, “p_ ,,(x) = x(n,, . . . , q-l) for each x E ‘w. Moreover, for 
each n < w let n E ‘w be the constant mapping which maps S onto {n} c w. Inductively 
define subsets A(n,, . . , nk_,) of ‘6~ as follows: 




if n, = 0, 
0 
P&{O, . . , noIl\40) if no> 0. 
If k> 1 and A(n,, . . . , nkPZ) is already defined, set 
A(no, . . . , nk-l) = P~&..,~~_J{O, . . . , n,-Jl\(A(O) u 4no, . . . , n&h 
Take {A(n, ,..., nk-l)](nO ,..., n&t) E S} as a subbase for the closed sets of a 
topology on ‘w and call the resulting space ID. Then ID, is the To-reflection of D, 
i.e. the quotient space obtained from D by identifying all points which have the 
same neighborhoods in D. 
We can now prove: 
Theorem 2. For a product space fl,,, Xi the following conditions are equivalent: 
(i) Every continuous mapping from n,,, Xi into a subdevelopable space depends 
on countably many coordinates. 
5 D, may be considered as an analogue, for developable spaces, of the real line. 
’ The space considered in [3] satisfies (S) and (C), but not (D). See also [IO]. 
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(ii) Every continuous mapping from HIi,, Xi into a D-paracompact space’ with 
G,-diagonal depends on countably many coordinates. 
(iii) Every continuous mapping from Hi,, Xi into a developable T,-space depends 
on countably many coordinates. 
(iv) Every continuous mapping from n IF I Xi into D, depends on countably many 
coordinates. 
(v) Every D-closed subset of nit, Xi depends on countably many coordinates. 
Proof. That (i) implies (ii) follows from the easily established fact that every 
D-paracompact space with G,-diagonal is subdevelopable. Obviously, (ii) implies 
(iii), and (iii) implies (iv). If B is a D-closed subset of HIis, Xi, there exist a point 
b ED, and a continuous mapping f from nitl Xi into D, such that B =f’[{b}](D). 
Assuming (iv), f depends on countably many coordinates J c Z. Since p;‘[ pJ[ B]] = 
B, it follows that (iv) implies (v). 
In order to prove that (v) implies (i) suppose that there exists a continuous 
mapping f from n is I Xi into a subdevelopable space ( Y, 7) which does not depend 
on countably many coordinates. Without loss of generality we may assume that f 
is surjective. Let r’c r be a T,-topology which is developable. We will first show 
that it suffices to verify the following claim. 
(A) (Y, 7’) is second countable. 
In fact, once we have proved (A) we may choose, for every set B from a countable 
base 93 for the closed sets of ( Y, T’), a countable subset Ze of Z on which f’[Z?] 
depends. Then f depends on l_i {I,] B E 93) which is countable-the desired contra- 
diction! 
Suppose now that Claim (A) is false. Then there exist a development (q,,),,, of 
r’ such that %,,+, refines 021, for each n < w and a subset D = {ye 1 CY < w,} of Y which 
is closed and discrete with respect to T’.’ For every subset A of niFI Xi define 
J(A) = {j E ZI PY:f,l[ P,\,j,[All\A # 01 
Then the following holds’: 
(B) Every closed subset A of nit I Xi depends on J(A). 
(C) If AC niS, Xi depends on J= Z, then J(A)c J. 
In particular, if Z(P) = .Z(f’[{ynl LY E P}]) for each subset P of w,, then, assuming 
(v), every Z(P) is countable and f’[{y,I (Y E P}] depends on Z(P). 
(D) There exists an uncountable family 9 of pairwise disjoint nonempty subsets 
of w, such that lJ{ Z( P) 1 P E 9’) is countable. 
’ A topological space X is called D-paracompact, if for every open cover % of X there exist a 
continuous mapping f from X onto a developable T,-space Y and an open cover ‘L‘ of Y such that 
{.f’[ V]l VE T’J refines q [17]. For recent results concerning D-paracompactness see [4] and [6]. 
s This follows from the fact that a developable T,-space is second countable if and only if each of 
its closed discrete subspaces is at most countable. 
’ This is well-known and easy to prove. 
H. Rrandenhurg, M. HuSek / Mappings info developable spaces 233 
In order to verify this claim we may assume that l.J { Z({ cx}) /a < wl} is uncountable, 
i.e. that U{Z({a})( (~<w,}={IljIp<o,}. If Yo=min{y<w,/Z(w,)c{i~/p~r}}, 
then, for each y such that y,,~ y < W, , the set 9, = {P,( 6) / 6 < w,} forms a partition 
ofw,,whereP,(6)=n{Pcw,ISEP,I(P)c(ipIP~y)).SinceU(Z(P,(6))/6<w,) 
is countable, it suffices to show that at least one pp, is uncountable. 
Suppose that every pu is countable. Then, for every y such that yOs y < w, , 
we can find two disjoint subsets R,, s, of w, such that 
(1) /R, n PI = 1 and IS, n PI = 1 for each uncountable P E pv; 
(2) R, n P = s, n P = @ for each countable P E pp,; 
(3) R=u{R,Iy,~y<w,} hascardinalityw, and RnU{~,ly,~y<w,}=B. 
Since there exists a y, such that yOc y, < w, and Z(R) c {i. I p G y,}, it follows that 
P c R for some uncountable P E 9’?, . But then lJ{S,,l yOc y < w,} must have a 
non-empty intersection with P, which contradicts (3). 
Having established (D) we continue the proof of Claim (A) by considering an 
arbitrary family 9 = (Pc)cS_,, of pairwise disjoint non-empty subsets of w, such that 
wv=u~w,)l5 < co,} is countable. We may assume that there is a subset {&I 5 < 
w,} of Z\Z(!?) such that every X,, contains a non-trivial D-closed subset F+. (For 
otherwise there would exist a countable subset K of Z\Z(.yP) such that for every 
i E Z\( K u Z( 9)) every continuous mapping from Xi into ( Y, T’) is constant. In this 
case f would depend on the countable set K u Z( ?J’), contrary to our assumption.) 
By virtue of (D) there exist a point b in ED, and, for every 5 < w,, a continuous 
mapping f< from X, into D, such that F+ =&I[{ b}]. For every 5 < w, let gE be the 
continuous mapping from A, = f ‘[ {y, 1 a E P<}] into [[3r, defined by g5 = ft 0 p,, 1 A,. 
Our plan is to use these mappings to construct a continuous mapping g from Il,t, Xi 
into a space 2 containing a D-closed subset whose preimage under g does not 
depend on countably many coordinates. 
As the underlying set of 2 we take the disjoint union ( Y\D) u lJ{ D,I 5 < w,}, 
where each DC is a copy of D,. For each .$ < w, let (Q:),,,, be a development of 
De such that a;+, refines 021: for each n <w. We supply Z with the topology 
generated by V= U,,.. w V,, as a base, where 
‘~~={~\D~UEOU,}V{U~~(S~({~,I a E P,l, Q,)\{y,la E P,l)l u5 E Qu5,, 5< w,>. 
If g:~~F,Xi-+Z is defined by 
g(x) = 
f(x) iff(x)E Y\D, 
&(X) if x E A,, 
it is easily seen that g is continuous. Since Z is developable, A = g-‘[{b,l[ < w,}] 
is a D-closed subset of n,,, X,, where every b, is the copy of b ED~ in D,. We 
claim that A does not depend on countably many coordinates. 
In fact, we show that if J is a subset of Z such that pJ’[ p,[A]] = A, then {isI 5 < co,} 
is contained in J. To this end assume the contrary, i.e. that there exists a to < w, 
such that i,) E Z\J. Then we can find points x, y E n ii , X, satisfying 
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t4) Pl\{iso)(x) ‘Pt\{i,,)(Y)i 
(5) Pi, (XI E Fie ; 
” 0 
(6) Pi,,,(Y) E Xic,\Fito; 
(7) p&x) ~PI~BLA~,,~~ 
Observe that (7) implies that x E A,, and (5) implies that x E A. By virtue of (4) we 
obtain that y E A (since Z&E I\/). On the other hand, (4), (7), and (6) imply that 
g(y) E Z\@,l5 < WI- a contradiction. Therefore {iEl t< wI} c J, i.e. A does not 
depend on countably many coordinates which, however, contradicts our assumption 
(v). Consequently Claim (A) is true, which completes the proof. 0 
Note that in condition (v) of the preceding theorem D-closed sets can be replaced 
by D-open sets (i.e. complements of D-closed sets). For mappings from a product 
space into an arbitrary space with G,-diagonal we can prove the following: 
Theorem 3. If every locallyjinite collection of non-empty G,+ets in flit, Xi is countable, 
then every mapping from nitI Xi into a topological space with Gs-diagonal depends 
on countably many coordinates. 
Proof. Suppose that there exist a topological space Y with G,-diagonal and a 
continuous mapping f from nit, Xi into Y which does not depend on countably 
many coordinates. Then J={~E Ilf(x’) #f(y’) for some x’, yJ~flie, Xi with 
P,,(~I(x’) =p,\ij,(y’)} is uncountable. Since Y has a G,-diagonal, there exist a 
neighborhood W of the diagonal A c Y x Y and an uncountable subset J, of J such 
that (f(x’), f(y’))a W wheneverjE J,. Since points of Y are Gs-sets, we can find 
G,-sets A,, B, for eachjE J1 such that x’~A,cf’[{f(x’)}], y’~B~~f’[{f(yj)}] 
and P,,{~~[A,] =pllIj,[B,]. Let z be an accumulation point of (Aj)j,,, and consider 
a basic neighborhood U of z with fl U] xfl U] c W. There exist a j E J, such that 
U n A, # 0 and pj[ U] = Xj; consequently U n Bj # 0. If a E U n Aj and b E U n Bj, 
then f(a)=f(x-‘)Ef[U] and f(b)=f(y’)EflU], contradicting the fact that 
u-(X’),f(Y’))E w. q 
It is worth mentioning that the condition on the range space in the preceding 
theorem can be slightly weakened (using G,-points and w,-inaccessible diagonal- 
see [ 121). Moreover, it follows easily from Theorem 3 that every continuous mapping 
from an w,-compact” product space into a topological space with G,-diagonal 
depends on countably many coordinates, in particular every continuous mapping 
from a countably compact product space. 
” A topological space is w,-compact, if every uncountable subset has an accumulation point 
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3. Proof of Theorem 1 
The following result is abstracted from Keesling’s proof of Noble’s theorem [ 131. 
For the sake of completeness we include a brief argument. 
Theorem 4. Suppose that 8 is a non-empty class of T,-spaces which has the following 
property: 
(*) Whenever A is an infinite cardinal and X is a non-compact Hausdorfspace such 
that “X is countably compact, then every continuous mapping from “X into a space 
from 2Z depends on countably many coordinates. 
If wlw is not 8-normal”, then, more generally, “X is not g-normal for every 
non-compact HausdorfS space X and for each K 2 max{ wi , w(X)}. 
Proof. Consider an arbitrary non-compact Hausdorff space X and suppose that “X 
is g-normal for some K 3 max{o,, w(X)}. Then “X is countably compact, for 
otherwise “X would contain a closed subspace homeomorphic to (+w, which is 
impossible. It follows that X and w(x)X are also countably compact. Let (F,) a c w(x) 
be a centered family of closed subsets of X such that n{F,I (Y < w(X)> # 0. By the 
g-normality of wcx’X there exists a continuous mapping from w(x)X into a space 
from 8 such that fln,,,,,,F,]nf[A] =0, where A c “‘x’X is the diagonal. By 
virtue of (*), f depends on countably many coordinates. Hence n{F,I cy E A} =0 
for some countable set A. It follows that n{F,/ (Y E B} = 0 for a finite subset B of 
A, for X is countably compact-a contradiction! D 
Since it is easily seen that every closed Gs-subset of a countably compact product 
space depends on countably many coordinates, Theorem 2 implies that property 
(*) is satisfied if we take for 8 any of the classes 8 = {developable T,-spaces}, 
8’ = {second countable developable T,-spaces}, or % = {D,}. In each case Theorem 
4 reduces to Theorem 1 (because of property (S)). 
4. Problems 
We conclude this note by pointing out those problems which seem to be most 
interesting in this context. Of course, the main question is: 
Problem 1. Does there exist, for every non-compact Hausdorff space X, a cardinal 
K such that “X is not subnormal? 
In order to show that the ‘subnormal case’ is really more general than the 
‘D-normal case’ it is necessary to solve the following: 
” A topological space is 8-normal, if for every pair A, B of disjoint closed subsets there exists a 
continuous mapping .f from X into some space from % such that cl .f[A] n clfl~] = fl. 
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Problem 2. Is there a subnormal Hausdorff space X such that “X is countably 
compact for all cardinals K but X is not D-normal? 
Problem 1 would be solved if there were a class 8 of T,-spaces satisfying (*) 
such that E-normality is subnormality. In view of Theorem 3 this would be the case 
if the following question could be answered affirmatively: 
Problem 3. Given two disjoint closed subsets A, B of a subnormal T, -space X, does 
there exist a continuous mappingffrom X into a topological space with G,-diagonal 
such that f(x) = a whenever x E A and f(x) = b whenever x E B, where a, b are 
distinct points? 
Finally, the factorization theorems of Section 2 suggest the following problems: 
Problem 4. Find an internal characterization of those product spaces on which every 
continuous mapping into a topological space with G,-diagonal depends on countably 
many coordinates. 
Problem 5. Give an example of a pseudo-w,-compact’* completely regular T,- 
product space which does not satisfy condition (v) of Theorem 2. 
Problem 6. Is every semi-metrizable’3 topological space subdevelopable? 
Note that an affirmative answer to [4, Question 21 would also solve Problem 6. 
However, so far we can only show that ‘small’ semi-metrizable spaces are always 
subdevelopable. 
Theorem 5. Let X be a perfectly subparacompact space14 with G,-diagonal. If 1x1 s 2”, 
then X is subdevelopable. 
Proof.” Since X has a G,-diagonal, there exists a sequence (Q,,),,, of open covers 
of X such that n {St( x, qu,) 1 n < w} = {x} for each x E X. For each n < w let & = 
Ukcw&+ be a w-discrete closed refinement of %,,. Since 1x1 s 2”, we can find, for 
all n, k < w, an injective mapping fn,k from zZ,,~ into ID, (recall property (C) of D,). 
” A topological space is pseudo-w,-compact, if every locally finite collection of non-empty open subsets 
is countable. 
I’ A topological space X is semi-metrizable, if there exists a distance function d: X x X + R such that 
d(x,~)~O,d(x,~)=Oifandonlyifx=~,d(.~,~)=d(_v,x)forallx,~~X,andclA={x~X~d(x,A)=O) 
foreachAcX,whered(x,A)=inf{d(x,a)laEA}. 
I4 A topological space is perfectly subparacompact, if it is perfect (i.e. closed sets are G,‘s) and 
subparacmpact (i.e. every open cover has a c-discrete closed refinement). It is well-known that semi- 
metrizable spaces are perfectly subparacompact. 
Is This proof is another application of a technique due to G.M. Reed and P. Zenor [20]. 
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Let 53 be a countable base for the open sets of ll3, and define E(B, n, k) = 
iJ{A E ~.&,~lf&(A) E B} for each BE 93 and n, k < w. Since closed subsets of perfect 
spaces are D-closed, there exist a point b in D, and continuous mappings g(&,&) 
from X into D, such that E(B, n, k) =g[&kl[{b}] (D). Now let g: X +*xwxw 03, 
be the mapping defined by g(x)( B, n, k) = gcB,,&(X) for all x E X and (B, n, k) E 93 x 
w x w. Since g is continuous and *xwxwDI is a developable T,-space, it suffices to 
show that g is injective. To this end consider two distinct points x, y in X. There 
is an n, < w such that y FZ St(x, %,). Moreover, there is a ko < w and an A E I,,, 
such that x E A. Suppose that g(x) = g(y). Then g(,++)(x) = go&,(y) for each 
(B,n,k)EL%xxxx, i.e. 
y E f-b(&,k)[{g(B.n.k) (x)Ill(B,n,k)~~xxxxw) 
= n{g;d,,,,,~,,,[{g~B,~~,~~(x))1I BE ,.frz,~JA) E BI 
= f-Hgl&,,,~,,Hbll~ BE %./-n,,,(A) EBl 
cn{E(B,n,,k,)lBE~,fn,,,~,(A)EB} 
CA 
= sex, Q-q, 
which is impossible. Hence g(x) # g(y), which completes the proof. Cl 
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